A weighted composition operator C ψ,ϕ takes an analytic map f on the open unit disc of the complex plane to the analytic map ψ · f • ϕ where ϕ is an analytic map of the open unit disc into itself and ψ is an analytic map on the open unit disc. This paper studies the invertibility of such operators. The two maps ψ and ϕ are characterized when C ψ,ϕ acts on the Hardy-Hilbert space of the unit disc H 2 (D). Depending upon the nature of the fixed points of ϕ spectra are then investigated.
Introduction
Let ϕ be an analytic map from the open unit disc D into itself. The operator that takes the analytic map f to f • ϕ is a composition operator [6, 13, 16] and is usually denoted by C ϕ . A natural generalization of a composition operator is an operator that takes f to ψ · f • ϕ where ψ is a fixed analytic map. This operator is aptly named a weighted composition operator and is usually denoted by C ψ,ϕ . More precisely, if z is in the unit disc then
(C ψ,ϕ f )(z) = ψ(z)f ϕ(z) .
In this paper we study invertible weighted composition operators. Section 1 contains background material. In Section 2 we find necessary and sufficient conditions for ψ and ϕ in order for C ψ,ϕ to be invertible and these conditions are given in Theorem 2.0.1.
Next we explore spectra. In the beginning of Section 3 we show that ϕ can be classified into different categories depending upon its fixed points. Section 3 is then divided into subsections to deal with each different category of ϕ. Spectra when ϕ has an interior fixed point are given in Theorem 3.1.1 and in Theorem 3.2.1. The spectrum when ϕ has a unique fixed point on the unit circle is described in Theorem 3.3.1.
In the remaining case ϕ has two fixed points, ζ and ζ on the unit circle. The spectrum is found when |ψ(ζ )|/|ψ(ζ )| is in the interval (1, 1/ϕ (ζ )) where ζ is the attractive fixed point. This result is given in Theorem 3.5.1. In addition, some eigenvectors are computed in Section 3.5.
Weighted composition operators arise naturally when answering other questions. For example, Forelli in [7] showed that every isometry on H p for 1 < p < ∞, and p = 2, is of this form. They also appear when studying adjoints of unweighted composition operators [4] . Also they are interesting to study on their own. Cowen and Ko in [5] recently studied Hermitian weighted composition operators on H 2 (D) and discussions on compact weighted composition operators on weighted Hardy spaces can be found in [9] and [10] . They also appear in recent work of Shapiro and Smith [17] and Contreras and Hernández-Díaz [3] .
Background material

The Hardy-Hilbert space
The set of functions analytic on D for which sup 0<r<1 2π 0 f re iθ 2 dθ 2π < ∞ is the Hardy-Hilbert space on the unit disc H 2 (D). We refer to this space simply as the Hardy space. If f is in H 2 (D) then it can be extended to the unit circle almost everywhere by taking radial limits [6, p. 10] then the norm on the space can be defined by
and H 2 (D) becomes a Hilbert space with the inner product f, g = The above identity plays a crucial role in Section 2. A proof can be found in [2] .
Weighted composition operators
If ψ is a bounded analytic function on the open unit disc then using (1) it can be easily seen that the multiplication operator M ψ where M ψ (f )(z) = ψ(z)f (z) is a bounded operator on H 2 (D) and M ψ (f ) ψ ∞ f . The composition operator C ϕ where C ϕ (f )(z) = f (ϕ(z)) is also bounded [6, Chapter 3] on H 2 (D), and the weighted composition operator C ψ,ϕ can be written as M ψ C ϕ .
Interestingly, as shown in [10] it is possible for C ψ,ϕ to be bounded and even compact with an unbounded ψ.
Notations
We use several different norms in this paper. Therefore to avoid confusion different notations are used for different norms.
For a function f in H 2 (D) we use f to denote the norm in the space. We use f ∞ to denote sup{|f (z)|: z ∈ D}. For an operator S on H 2 (D) we use S * to denote sup{ S(f ) ; f ∈ H 2 (D), f = 1}. For an operator S on H 2 (D) we use σ (S) to denote the spectrum of S and σ ap (S) is used for the approximate point spectrum of S. The point spectrum of S is denoted by σ p (S). We denote the spectral radius of S by r σ (S).
If f is defined on a set V and if there is a positive m so that |f (z)| m, for all z in V we say f is bounded away from zero on V .
The boundary of a set V is denoted by ∂V . If ϕ maps the disc into itself we use ϕ n to denote the n-th iterate of ϕ i.e., ϕ n is ϕ composed with itself n times. Also ϕ 0 (z) = z.
1.4.
Interestingly, the product of two weighted composition operators is another weighted composition operator. Therefore it is worth computing powers of a weighted composition operator.
therefore the claim is true for k = 2. It is easy to see that the claim is true for k > 2, by repeating the same process above. 2
The two functions ψ and ϕ
We begin by using the identity C * ψ,ϕ (K w ) = ψ(w)K ϕ(w) to prove the following simple lemma. is bounded from below hence
where M is a positive number that does not depend on w. Hence
As an easy consequence of the inequality in the above lemma we prove 
But |ϕ(0)| < 1, therefore we get the desired result. 2
The inequality in Lemma 2.0.2 can be used to study the behavior of ϕ near the boundary of the unit disc. Proof. Let θ be a real number and 0 < r < 1. Put w = re iθ . Then as r tends to 1, normalized kernels K w / K w go to 0 weakly [6, Theorem 2.17]. But
therefore K ϕ(re iθ ) must diverge to infinity as r goes to 1.
Hence for K ϕ(re iθ ) to tend to infinity |ϕ(re iθ )| must tend to 1 as r approaches 1. Therefore ϕ is an inner function. 2
Since ψ is non-zero anywhere on the unit disc we get the next lemma.
Proof. Suppose ϕ(x) = ϕ(y) where x and y are two points in the open unit disc. Then clearly
).
Since C * ψ,ϕ is invertible we get that
. Let f be the constant function 1 and since
The composition map ϕ is both one-to-one and inner therefore we have Proof. Lemmas 2.0.3 and 2.0.4 show that ϕ is a one-to-one inner function thus ϕ is an automorphism of the unit disc [6, Corollary 3.28] . The composition map ϕ is an automorphism hence C ϕ −1 is a bounded operator thus
Hence C ψ,ϕ C ϕ −1 is the multiplication operator whose multiplier is ψ. Proof. If C ψ,ϕ is invertible then Corollary 2.0.1 asserts that ψ is bounded away from 0 on the unit disc and Corollary 2.0.2 shows that it is bounded on the unit disc. Also Corollary 2.0.2 shows that ϕ is an automorphism of the unit disc.
Since ψ is bounded away from 0 on the unit disc ψ • ϕ −1 is also an analytic map of the unit disc which is bounded away from zero on the unit disc. Hence 1/ψ • ϕ −1 is a bounded map on the unit disc therefore the multiplication operator M 1/ψ•ϕ −1 is bounded. The composition operator C ϕ −1 is also a bounded operator therefore
This yields the desired result. 2
Spectra
The results in the preceding section show that the composition map ϕ must be an automorphism of the unit disc when C ψ,ϕ is invertible. An automorphism ϕ of the unit disc takes the form
where |λ| = 1 and |c| < 1. Spectra of composition operators are strongly related to the nature of fixed points of the composition map [6, Chapter 7] hence it is reasonable to assume the same with weighted composition operators. Therefore we will closely examine fixed points of automorphisms. If we exclude automorphisms with c = 0 then ϕ has two fixed points z 1 , z 2 in the complex plane with |z 1 z 2 | = 1. Therefore it may have one fixed point inside the open unit disc and the other outside the closed unit disc, two distinct fixed points on the unit circle T or one fixed point with multiplicity two on T. Thus an automorphism ϕ on the unit disc can be classified into three categories depending upon the nature of its fixed points. If ϕ has a fixed point inside D then it is an elliptic automorphism. If ϕ has only one fixed point on T then it is parabolic. If ϕ has two distinct fixed points on T then it is hyperbolic. When ϕ is parabolic the fixed point on T is called the Denjoy-Wolff point of ϕ [6, p. 59] . If a and b are the two fixed points of a hyperbolic ϕ then the derivative at one of the points, say a, is less than 1 and ϕ (b) > 1. The Denjoy-Wolff point in this case is a.
Also as we will prove in the following two lemmas interior fixed point can be shifted to 0 and the fixed point on the boundary can be shifted to 1 without changing the spectra of the induced weighted composition operators. The result below was inspired by Exercise 2.3.5 of [6] hence we will only provide an outline of the proof. 
Suppose ϕ is an elliptic automorphism with fixed point
If ϕ is a parabolic automorphism then there is an automorphism φ of the unit disc so that either
If ϕ is a hyperbolic automorphism with the Denjoy-Wolff point a then there is an automorphism φ of the unit disc so that
Proof. 
. A similar argument works for α < 0.
3. Let b be the other fixed point of ϕ. Let φ be an automorphism of the disc such that φ(1) = a
Using the above lemma next we prove that a given weighted composition operator whose composition map is an automorphism is similar to a weighted composition operator whose composition map is an automorphism that fixes 0 or 1. 
If ϕ is parabolic then C ψ,ϕ is similar to a weighted composition operator with the composition map ϕ(z)
= ((1 + i)z − 1)/(z + i − 1) or ϕ(z) = ((1 − i)z − 1)/(z − i − 1).
If ϕ is hyperbolic then C ψ,ϕ is similar to a weighted composition operator with the composition map ϕ(z)
Proof. Let φ be an automorphism of the unit disc then C φ is an invertible operator and C
and z be in the unit disc, then
The desired result follows from using φ from Lemma 3.0.5. 2
Spectrum when ϕ is elliptic
We first note down a known result about the spectrum of a weighted composition operator.
Lemma 3.1.1. Suppose C ψ,ϕ is a bounded operator on H 2 (D). If ϕ has a fixed point ζ in the open unit disc then ψ(ζ )(ϕ (ζ )) j is in the spectrum of the adjoint operator C * ψ,ϕ for any non-negative integer j .
A proof of this lemma can be found in [9] . It follows from Lemma 3.0.6 that it is sufficient to find the spectrum of C ψ,ϕ where ϕ(z) = λz and |λ| = 1. If λ is on the unit circle it could be a root of unity or λ k = 1 for any integer k. We first look at the spectrum when λ is a root of unity and we begin with an easy special case.
)(z) = ρ and by letting z = 0 we see that ψ(0) n = ρ. Thus C n ψ,ϕ is a multiplication operator with a constant function as the multiplier. Hence by polynomial spectral mapping theorem (σ (C ψ,ϕ )) n is the set {ψ(0) n }. Therefore σ (C ψ,ϕ ) is contained in the set {ψ(0)λ, ψ(0)λ 2 , . . . , ψ(0)}. Furthermore by using Lemma 3.1.1 it can be seen that each of these values is in the spectrum. 2
Next we look at the more general case.
ϕ is a weighted composition operator whose composition map is the identity function therefore it is the multiplication operator with the multiplier
Therefore from polynomial spectral mapping theorem it follows that (σ (C ψ,ϕ )) n is the spectrum of the multiplication operator M ψ . The spectrum of M ψ is the closure of
If σ p denotes the point spectrum then it also follows that
with a non-constant multiplier has an empty point spectrum [11, p. 139] . This gives the desired result. 2
Let ζ be a non-zero number in the unit disc.
At least one of them must belong to σ (C ψ,ϕ ). Next we show that all of them belong to the spectrum of C ψ,ϕ .
is not a constant function. Let ζ be a non-zero number in the unit disc and λ = e 2πi/n . If μ is a number such that
Proof. Consider the polynomial
then g(λ q ζ ) = 0 for 0 q n − 2, and g(λ n−1 ζ ) = 1. Let's suppose that g belongs to the range of C ψ,ϕ − λ p μ where p is a fixed integer and 0 p < n. If g is in the range there is an f that belongs to
for all z in the open unit disc. Now by substituting λ r ζ for z where 0 r n − 1, we get the following n equations.
. . .
From the first n − 1 equations we get the recurrence relations
Using the recurrence relations, we get
Replacing f (ζ ) in the n-th equation yields
The left side of the above equation is zero and this results in a contradiction. Thus the polynomial g does not belong to the range of
In the above lemma ψ was assumed to be different from zero but not bounded away from zero on the unit disc. If ψ(ζ ) = 0 for some ζ the result is trivial. Next we compute the spectrum. 
Proof. Let ψ = ψ • φ and ϕ(z) = e 2πi/n z then the two operators C ψ,ϕ and C ψ, ϕ are similar [Lemma 3.0.6] thus they both have the same spectrum.
Lemma 3.1.4 shows that σ (C ψ, ϕ ) contains the set
is a constant function then the conclusion follows from Lemma 3.1.2. 2
It is worth noting that in proving the above theorem it was not assumed that C ψ,ϕ is invertible. We compute the spectrum of the following weighted composition operator. 
Therefore the spectrum is the closure of {(
The spectrum is the 4 discs as shown in Fig. 1 . 
3.2.
Next we look at ϕ(z) = λz where λ = e i2πθ and θ is an irrational number. If n is a positive integer Lemma 1.4.1 shows that C n ψ,ϕ is a weighted composition operator with the weight function ψ(z)ψ(λz)ψ(λ 2 z) · · · ψ(λ n−1 z). Therefore it is worth studying the distribution of the points z, λz, . . . , λ n−1 z. Kronecker first showed the sequence {λ n } ∞ n=1 is dense in the unit circle but later Hermann Weyl discovered that the points are in fact evenly distributed [19] .
If x is a real number let {x} = x − x where x is the greatest integer less than or equal to x. Thus {x} denotes the fractional part of x [8, p. 70] . For an irrational number θ the finite sequence {θ }, {2θ }, . . . , {nθ } is uniformly distributed in the interval (0, 1) The function Φ is continuous and non-zero on the closed unit disc hence it is bounded away from zero on the closed unit disc therefore h is continuous on the real line, thus
A simple change of variables shows that Thus by exponentiating the above equation
To see this convergence is uniform take a positive . The function log |Φ(·)| is uniformly continuous on the closed unit disc therefore there is a δ > 0, so that |log |Φ(
for |z 1 − z 2 | < δ. Let ζ be in the unit disc then there is an N ζ so that
for n larger than N ζ . Let D ζ be the disc centered at ζ with radius δ. If ζ is common to D ζ and the unit disc then a(n, ζ ) − a n, ζ < /2 for all n thus a n, ζ − log Φ(0) < for n larger than N ζ . The unit disc can be covered by finitely many discs D ζ 1 , . . . , D ζ k each with radius δ centered at ζ 1 , . . . , ζ k and for each disc D ζ i there is an integer N ζ i so that |a(n, ζ ) − log |Φ(0) < , for any ζ in D ζ i and n > N ζ i . Now if ζ 0 is in the unit disc then it belongs to one of the discs, say D ζ i . Thus |a(n, ζ 0 ) − log |Φ(0) < , if n is larger than N ζ i . Therefore if n is larger than any of the natural numbers N ζ 1 , . . . , N ζ k then |a(n, ζ 0 ) − log |Φ(0) < , for any ζ 0 in the unit disc. 2
The above lemma can be used to get an estimate on the spectral radius.
Lemma 3.2.2. Let C ψ,ϕ be invertible on H 2 (D) where ψ is continuous on the closed unit disc. If ϕ(z) = e i2πθ z and θ is an irrational number then the spectral radius of C ψ,ϕ is no larger than |ψ(0)|.
Proof. Let λ = e i2πθ . If n is a positive integer then
Since C ψ,ϕ is invertible ψ is both bounded and bounded away from zero and is also continuous on the closed disc hence the sequence of functions {|Ψ (n) | 1/n } ∞ n=1 converges uniformly to |ψ(0)| on the unit disc [Lemma 3. Next we find the spectrum using the estimate on the spectral radius obtained in the previous lemma.
Theorem 3.2.1. Let C ψ,ϕ be invertible on H 2 (D) where ϕ is an elliptic automorphism with fixed point ζ in D and ψ is continuous on the closed unit disc. If ϕ (ζ ) = e i2πθ where θ is an irrational number then the spectrum of C ψ,ϕ is the circle centered at the origin with radius |ψ(ζ )|.
Proof. Let φ(z) = (ζ − z)/(1 − ζ z).
Put ψ = ψ • φ and ϕ(z) = e i2πθ z then Lemma 3.0.6 shows that C ψ,ϕ is similar to C ψ, ϕ . Since C ψ, ϕ is invertible ψ is bounded away from zero also it is continuous on the closed unit disc.
Let 
) therefore |μ| 1, but r σ (C Φ, ϕ ) = 1 therefore |μ| = 1. Thus σ (C Φ, ϕ ) is contained in the unit circle. Furthermore, Lemma 3.1.1 shows that the set A = {e i2πθn : n 0} is contained in σ (C Φ, ϕ ). The set A is a dense set of the unit circle but σ (C Φ, ϕ ) is a closed set therefore it must be the whole unit
thus the spectrum of C ψ, ϕ is the unit circle multiplied by ψ(0). But ψ(0) = ψ(ζ ) hence we get the desired result. 2
Spectrum when ϕ is parabolic
Next we look at operators where the composition map is a parabolic automorphism. Such an operator is similar to a weighted composition operator [Lemma 3.0.6] with the composition map
. We will only consider the first map and the same proofs work for the second map. To compute the spectral radius by a method similar to the one in Lemma 3.2.2 we need to know (ψ)(ψ • ϕ) · · · (ψ • ϕ n−1 ) ∞ . We use a linear fractional model to study ϕ n in the following lemma. Proof. Take S as defined in Lemma 3.3.1. A routine computation shows that for 0 < θ < 2π,
Lemma 3.3.1. Suppose ϕ(z) = ((1 + i)z − 1)/(z + i − 1). Let S be the map from closure(D) − {1} into {Re(z) −1/2} given by S(z) = 1/(z − 1). If n is a positive integer then S • ϕ n = −ni + S.
Proof. Let z be a point in closure(
hence using the result in Lemma 3.3.1
The mapping S takes D into the half plane P = {Re(z) < −1/2}. Also S maps the upper half of the unit circle to lower half of the vertical line − 
thus, S(ϕ n (e iθ )) belongs to L − . Translating back to the unit circle, it follows that in any sequence {ϕ n (e iθ )} at most 2n 0 of the terms fail to belong to A. Choose M and M so that
and
By exponentiating (4) 
This yields the desired result. 2
Now we can obtain an upper bound for the spectral radius. 
Proof. If n is a positive integer
Since C n ϕ −1 1/n * also tends to 1
Next we prove that the spectrum is contained in a circle. The proof is very similar to the proof of the first half of Theorem 3.2.1. 
is contained in the circle with radius |ψ(1)| centered at the origin. 2
Next we compute the spectrum. 
hence μe −i2s belongs to σ ap (C ψ, ϕ ). But s is an arbitrary positive number and |μ| = | ψ(1)| thus σ (C ψ, ϕ ) contains the circle T whose radius is | ψ(1)| and is centered at the origin. Also Lemma 3.3.4 shows that σ (C ψ, ϕ ) is contained in T therefore the spectrum is T . The desired result follows by noticing that ψ(1) = ψ(e iθ ). 2
Spectrum when ϕ is hyperbolic
Finally we look at operators where the composition map is a hyperbolic automorphism of the unit disc. It follows from Lemma 3.0.6 that it is sufficient to find the spectrum when ϕ(z) = (z + r)/(1 + rz).
First, to get an estimate on 
We use the above lemma to estimate the weight function of C n ψ,ϕ . 
Proof. If ζ is on the unit circle we first show that most points of the finite sequence ζ, ϕ(ζ ), ϕ 2 (ζ ), . . . , ϕ m−1 (ζ ) stay close to either 1 or −1.
Let A 1 be the arc {e iθ : |θ | < δ} and A 2 be the arc {e iθ : |θ − π| < δ}. A routine computation shows that T e iθ = i cot θ 2 therefore T maps the punctured arc A 1 − {1} onto the rays L + = {iy: y > cot( 
If t is real and i(
Let n 0 be the least integer greater than or equal to ln cot δ 2 |t| − ln tan δ 2 |t| ln b a which simplifies to 2 ln(cot(δ/2))/ ln(b/a) hence n 0 is independent of t. Therefore the number of terms of any sequence {i(b/a) n t} that does not belong to L ∪ L + ∪ L − is at most n 0 .
Translating back to the unit circle it follows that for any θ the number of terms of any sequence {ϕ k (e iθ )} that does not belong to 
Some estimates on spectral radii can be obtained using the above lemma. 
this gives the desired result. 2
Eigenvectors
A composition operator C ϕ where ϕ is a hyperbolic automorphism has a rich class of eigenvectors [6, p. 253] . In other words the Hardy space possesses f such that f • ϕ = μf. Suppose the function
is in the Hardy space and is not the zero function. Then
thus h is an eigenvector of C ψ,ϕ . Therefore we will first investigate the infinite product 
converges uniformly on K. This is true for any compact set of D therefore 
also Re(
therefore the distance between ϕ n (z) and −1 increases with n therefore if ϕ k (z) is not in B then ϕ n (z) cannot be in B for n k. Let s be the largest integer so that ϕ s (z) is in B. Then the finite sequence {ϕ j (z)} s j =0 is in B and if n > s, it is not in B hence by (6)
Since ϕ −1 is also a hyperbolic automorphism we get another bounded analytic infinite product. • ϕ −1 m ) is a non-zero bounded analytic function on the unit disc.
and Φ has a bounded derivative. Also ϕ −1 is a hyperbolic automorphism with the Denjoy-Wolff point −1 and it can be easily verified that iterates ϕ −1 n (z) converge to −1 at the same rate at which ϕ n (z) converge to 1. Therefore the estimates that were used in the proof of Lemma 3.5.1 hold true for Φ • ϕ −1 m . Hence Lemma 3.5.2 can be proved the same way Lemma 3.5.1 was proved.
We use the above infinite products to construct eigenvectors. is a function in H 2 (D) and
Thus λ is an eigenvalue of C ϕ hence |λ| It is easy to see that the results in Section 2 generalize to a wide class of weighted HardyHilbert spaces of the unit disc. Also the computation of spectra in the elliptic case generalizes to the Bergman space of the unit disc.
